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Abstract — Compressed sensing is a new emerging
field dealing with the reconstruction of a sparse or, more
precisely, a compressed representation of a signal from
a relatively small number of observations, typically less
than the signal dimension. In our previous work we
have shown how the Kalman filter can be naturally ap-
plied for obtaining an approrimate Bayesian solution
for the compressed sensing problem. The resulting al-
gorithm, which was termed CSKF, relies on a pseudo-
measurement technique for enforcing the sparseness
constraint. Our approach raises two concerns which are
addressed in this paper. The first one refers to the va-
lidity of our approximation technique. In this regard,
we provide a rigorous treatment of the CSKF algorithm
which is concluded with an upper bound on the discrep-
ancy between the exact (in the Bayesian sense) and the
approzimate solutions. The second concern refers to
the computational overhead associated with the CSKF
in large scale settings. This problem is alleviated here
using an efficient measurement update scheme based on
Krylov subspace method.
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1 Introduction

Recent studies have shown that sparse signals can
be recovered accurately using less observations than
what is considered necessary by the Nyquist/Shannon
sampling principle; the emergent theory that brought
this insight into being is known as compressed sensing
(CS) [1,2]. The essence of the new theory builds upon
a new data acquisition formalism, in which compres-
sion plays a fundamental role. From a signal processing
standpoint, one can think about a procedure in which
signal recovery and compression are carried out simul-
taneously, thereby reducing the amount of required ob-
servations. Sparse, and more generally, compressible
signals arise naturally in many fields of science and engi-
neering. A typical example is the reconstruction of im-
ages from under-sampled Fourier data as encountered

in radiology, biomedical imaging and astronomy [3,4].
Other applications consider model-reduction methods
to enforce sparseness for preventing over-fitting and for
reducing computational complexity and storage capaci-
ties. The reader is referred to the seminal work reported
in [1] and [2] for an extensive overview of CS theory.

The recovery of sparse signals is in general NP-
hard [1,5]. State-of-the-art methods for addressing
this optimization problem commonly utilize convex re-
laxations, non-convex local optimization and greedy
search mechanisms. Convex relaxations are used in
various methods such as LASSO [6], the Dantzig se-
lector [7], basis pursuit and basis pursuit de-noising [8],
and least angle regression [9]. Non-convex optimization
approaches include Bayesian methodologies such as the
relevance vector machine, otherwise known as sparse
Bayesian learning [10], as well as stochastic search al-
gorithms that are mainly based on Markov chain Monte
Carlo techniques [11-14]. Notable greedy search algo-
rithms are the matching pursuit (MP) [15], the orthog-
onal MP [16], and the orthogonal least squares [17].

CS theory has drawn much attention to the convex
relaxation methods. It has been shown that the con-
vex [; relaxation yields an exact solution to the recov-
ery problem provided two conditions are met: 1) the
signal is sufficiently sparse, and 2) the sensing matrix
obeys the so-called restricted isometry property at a
certain level. A complementary result guarantees high
accuracy when dealing with noisy observations, yield-
ing recovery ‘with overwhelming probability’. To put
it informally, it is likely for the convex [; relaxation
to yield an exact solution provided that the involved
quantities, the sparseness degree s, and the sensing ma-
trix dimensions m X n maintain relation of the type
s =0O(m/log(n/m)).

Recently, a Bayesian CS approach has been intro-
duced in [18]. As opposed to the conventional non-
Bayesian methods, the Bayesian CS has the advan-
tage of providing the complete statistics of the estimate
in the form of a posterior probability density function



(pdf). Adopting this approach, however, suffers from
the fact that rarely one can obtain a closed-form ex-
pression of the posterior and therefore approximation
methods should be utilized.

In this paper we extend our previous work in [19]
where we have presented the so-called CSKF which
is a novel approximate Bayesian CS scheme based on
the Kalman filter. There are two major issues which
were left unanswered in [19] that are addressed in-
here. The first one concerns the validity of the so-called
pseudo-measurement approximation technique used by
the CSKF to enforce the sparseness-promoting prior.
The second issue is related to the excessive computa-
tional overhead associated with the Kalman filter up-
date stage in large scale settings. Our endeavor in pro-
viding a proper answer to the first concern involves a
unique type of sparseness-promoting prior, termed here
semi-Gaussian owing to its Gaussian-like characteris-
tics. We show how an approximate variant of this prior
is, in fact, the probabilistic interpretation of the pseudo-
measurement constraint. This in turn allows us to for-
mulate an upper bound on the discrepancy between the
exact and the approximate posterior pdfs based exclu-
sively on the computed estimation error covariance. Fi-
nally, we provide a computational scheme that relies on
Krylov subspace method for alleviating the workload
associated with the CSKF measurement update stage
which thereby renders it highly efficient in large scale
CS settings.

2 Sparse Signal Recovery

This section, which is taken from [19], briefly
overviews the main concepts underlying compressed
sensing.

Consider an R"-valued random discrete-time pro-
cess {zx}72, that is sparse in some known orthonor-
mal sparsity basis ¢ € R™ ", that is z, = ¥ ay,
s = #{supp(zx)} < n, where supp(zx) and # denote
the support of z; and the cardinality of a set, respec-
tively (i.e., #{supp(zx)} denotes the number of non-
zero elements of zi). Assume that zj evolves according
to

Zkt1 = Azg +wi, 20 ~ N (o, Po) (1)

where A € R™* "™ is the state transition matrix and
{wy}72, is a zero-mean white Gaussian sequence with
covariance @y = 0. Note that (1) does not necessarily
imply a change in the support of the signal. For ex-
ample, A can be a block-diagonal matrix decomposed
of A% and A™ corresponding to the statistically inde-
pendent elements z? ¢ supp(zx) and z" € supp(z)
where the respective noise covariance sub-matrices sat-
isfy Q¢ = 0 and Q™ = 0. The process zj is measured
by the R™-valued random process

yp = Hxp + G = H' 2z + G (2)

where {(x}72, is a zero-mean white Gaussian sequence
with covariance Ry, = 0, and H := H'¢pT € R™*",

Letting %, := [y1, ..., yk], our problem is defined as
follows. We are interested in finding a %;-measurable
estimator, &y, that is optimal in some sense. Often,
the sought after estimator is the one that minimizes
the mean square error (MSE) E [|| z — & [|3]. It is
well-known that if the linear system (1), (2) is observ-
able then the solution to this problem can be obtained
using the Kalman filter (KF'). On the other hand, if the
system is unobservable, then the regular KF algorithm
is useless; if, for instance, A = I,,x,, then it may seem
hopeless to reconstruct xj from an under-determined
system in which m < n and rank(H) < n. Surpris-
ingly, this problem may be circumvented by taking into
account the fact that zj is sparse.

2.1 The Combinatorial Problem and
Compressed Sensing

Refs. [1,5] have shown that in the deterministic case
(i. e., when z is a parameter vector), one can accurately
recover z (and therefore also z, i.e., x = 1z) by solving
the optimization problem

k
min || 2 [lo st Y |y —H2[3<e (3
i=1
1/p
=1V
is the l,-norm of v, and the zero-norm, || v ||o, is defined
1 —
as' || v [lo:= # {supp(v)}.
Following a similar rationale, in the stochastic case
the sought-after optimal estimator satisfies [2]

for a sufficiently small €, where || v ||,= (Z

min || 2 [lo st Bz [l 2 — 2 3] <€ (4)

Unfortunately, the above optimization problems are
NP-hard and cannot be solved efficiently. Recently, it
has been shown that if the sensing matrix H’ obeys
a so-called restricted isometry property (RIP) then the
solution of the combinatorial problem (3) can almost
always be obtained by solving the constrained convex
relaxation [1, 2]

k
min || £ [l st Y [lyi— H'z2[3<e (5)

=1

This is a fundamental result in CS theory [1,2]. The
main idea is that the convex l; minimization prob-
lem can be efficiently solved using a myriad of exist-
ing methods, such as LASSO [6], LARS [9], Basis pur-
suit [8], orthogonal matching pursuit [16] and relevance
vector machine [10]. Other insights provided by CS are
related to the construction of sensitivity matrices that
satisfy the RIP. These underlying matrices are random

'For 0 < p < 1, || v ||p is not a norm; the common terminology
is zero morm for p = 0 and quasi-norm for 0 < p < 1.



by nature, which sheds a new light on the way obser-
vations should be sampled. For an extensive review of
CS the reader is referred to [1,2].

3 The CS-Embedded KF

The CSKF algorithm is aimed at solving a stochastic
CS problem of the form

min B, oy [|| 25 = 2 3] st || 2 1< € (6)
k

It can be shown that for proper values of the tuning
parameters € and e, the solution of both (6) and the
convex l; relaxation of (4) coincide. The nonlinear in-
equality constraint in (6) is readily treated within the
conventional KF framework using a so-called pseudo-
measurement (PM) technique [19]. In practice this is
carried out by recasting this constraint as

0= Hyz, — €, Hj :=sign(zy) (7)
where sign(zj) denotes a row vector consisting of the
signs of the entries in z;. This formulation facilitates
the implementation of the standard KF update equa-
tions which are provided in Algorithm 1 for the sake of
completeness. Notice that this approach assumes that

Algorithm 1 CSKF PM update stage

1: Set 2! = Zg|x and Pt = Py (the posterior mean and
covariance at time k).

2: for 7=1,2,..., N, — 1 iterations do
3:
H, =sign(37) (8a)
PTHIH
s7+1 T T AT
=(l—- =———F—— 8b
? ( HTPTHZ+02)Z (8b)
PTHIH
PT+1 _ I— % T 8
( A, P AT +02> (8)
4: end for

5: Set 2y, = 2" and Py, = PN,

¢ is a random quantity, specifically a zero-mean Gaus-

sian random variable with variance 2.

3.1 Bayesian Interpretation

The PM constraint (7) provides a convenient way for
incorporating the nonlinear /; inequality within the KF.
Its tightness, and therefore the overall estimation accu-
racy, is controlled by both ¢? and the total number
of iterations N, per measurement update. In [19] we
have mentioned that the tradeoff between the associ-
ated computational complexity and the obtained accu-
racy can be regulated by properly setting these two pa-
rameters. In this work we provide a supporting result to
this argument. Specifically, we derive an upper bound
on the estimation accuracy which alludes the relation
with the PM variance o2. In order to meet this end we
shall restrict ourselves inhere to the conventional static

linear model used in CS theory (i.e., Ay = I, x, and
Qk = Opxp in (1)).

Our derivations in this section, which are concluded
with the formulation of an upper bound on the dis-
crepancy between the exact and the estimated posterior
pdfs, rely on the Bayesian formulation of the KF up-
date stage. For that reason we take the time to revisit
some well-established elementary results from estima-
tion theory. Under the restrictions above, the posterior
pdf of the random parameter vector z conditioned on
%, can be sequentially computed via the well-known
Bayesian recursion

e | 2)p(z | %)
PEIR) = T o | oyde )

where the likelihood p(yx | 2) = pe,(yx — H'2). Be-
cause a Gaussian pdf is self-conjugate it readily follows
that whenever the pdfs in the right-hand side of (9)
are Gaussian the posterior can be described exclusively
by its first two moments. These are given by the KF
update equations

S = Ep A+ Py H'T (H' Py H'T + Re) ™ [ys — H'2 1]
(10a)
Po= 1= P H (H'Pa BT + Ri) H'| Py
(10b)
where Pr = E[(z—2)(z— )" | %] and 2, =
Elz| %]. Tt can be easily shown that in this case Zj
is not only the minimum MSE estimator but also the
maximum a posteriori (MAP) estimator, that is

2, = argmaxlog p(z | %)
z

k

—argmin > | yi — H'z |3, + 12— o I3, (1)
i=1

where | a [|%:= aT R~ 1a.
3.1.1 Semi-Gaussian Priors

Compressed sensing was embedded in the frame-
work of Bayesian estimation by utilizing sparseness-
promoting priors such as Laplace and Cauchy [18]. As
opposed to the conventional CS methods, which pro-
vide a point estimate, the Bayesian approach yields the
statistics p(z | %). We have seen that the posterior
pdf is entirely described by (10) in the linear Gaus-
sian case. When resorting to non-Gaussian (sparseness-
promoting) priors, however, this recursion is strictly in-
adequate.

Let us now consider a new type of sparseness-
promoting prior, which we will term semi-Gaussian

() = cer (3121 (12)

2 o2

Compared with the Laplace distribution, the semi-
Gaussian pdf concentrates greater portion of its mass in



the vicinity of the origin. This is illustrated in Fig. 1,
in which the level maps are shown for Laplace, semi-
Gaussian and Gaussian pdf’s in the 2-dimensional case.
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Figure 1. Laplace, semi-Gaussian and Gaussian
pdf’s in the 2-dimensional case.

Suppose for a moment that one embeds this prior
within the Bayesian recursion (9) for promoting the
sparseness of z. This in turn renders the closed form
recursion (10) inadequate. This follows readily from
the fact that the restrictions under which (10) are de-
rived involve a purely-Gaussian prior and a likelihood
pdf that is based on a deterministic sensing matrix H’,

plon | 2) xexp (= o — H'2) B o — 1172

(13)
Nevertheless, it turns out that the unique form (12)
facilitates an approximate computation of the posterior
p(z | %) using the closed form recursion (10). As it
is shown next, the approximate semi-Gaussian prior is
closely related to the PM constraint (7) used by the
CSKF.

3.1.2 Approximate Semi-Gaussian

The semi-Gaussian prior can be expressed based on
the likelihood (13) using a sensing matrix similar to the
one in (7). Thus, letting H := sign(z) and setting y = 0
in (13) yields

1(0— Hz)?
) =ptw=012) e (1) g
o
Although (14) resembles a Gaussian pdf its in fact a
semi-Gaussian owing to the dependency of H on z. As
the KF update stage (10) permits only deterministic,

albeit varying, sensing matrices, (14) cannot be em-
bedded straightforwardly. Nevertheless, its Gaussian
approximation, in which the sensing matrix takes the
form H := sign(3;) (i.e., by substituting the estima-
tor 2 rather than z), can be easily processed via (10).
This modification renders H a %j-measurable quantity,
as it depends on Zj, which is a function of the entire
observation set.

The reader has probably realized by now that em-
bedding the approximate semi-Gaussian prior within
the Bayesian recursion (9) merely yields the PM stage
described in Algorithm 1. Bearing in mind this, the
unique formulation (14) allows us to assess the valid-
ity of the PM constraint (7) when enforcing the semi-
Gaussian prior (12). Thus, the following theorem es-
tablish an upper bound on the discrepancy between the
exact posterior, which relies on the semi-Gaussian prior
(12), and the approximate posterior (i.e., the one that
is computed by the CSKF) in terms of the CSKF esti-
mation error covariance Pj.

Theorem 1. Let p(z | %) be the Gaussian posterior
pdf obtained by using the approximate semi-Gaussian
prior. Let also p(z | %) be the posterior pdf obtained
by using the exact semi-Gaussian prior (12). Then

KL (B(z | Zk) || p(2 | Zk)) =
(9(0*2max{Tr(Pk),Tr(Pk)l/Q}) (15)

where KL and Tr denote the Kullback-Leibler divergence
and the matriz trace operator, respectively.

The proof is provided in the Appendix.

3.2 Discussion

The fundamental observation conveyed by Theorem 1
is that the approximation error of the PM stage in Al-
gorithm 1 is affected by both the prior variance o2 and
the estimation error covariance Py. Consequently, reg-
ulating these factors is beneficial in getting close to the
exact CS solution in the Bayesian sense. This can be
attained by either increasing ¢ or having a sufficiently
small P;. The former approach, however, might bring
upon an adverse effect as the sparseness constraint is
less restrictive in such cases.

A prominent advantage of the bound (15) is that it
involves quantities that are either known (0?) or com-
puted (Py). Whereas o is a predetermined tuning pa-
rameter, the estimation error covariance Py, which is
computed at every step, decreases rapidly as k — oo
(in the sense that P, — Pxy1 > 0). This fact read-
ily follows upon recognizing that (10b) and (8c) trans-
late into P, " = P, + HTR,'H' and (P71)7! =
(P")™! + 072HTH by the matrix inversion lemma.
Combining this observation with Theorem 1 explains
why it is advantageous to perform N, consecutive up-
dates of (8) using 0 = \/N,o’ rather than a single up-
date with o.



It should be clarified that Py does not represent the
exact estimation error covariance (i.e., the one which is
based on the semi-Gaussian prior (12)). Nevertheless,
as stated by Theorem 1, the trace of this matrix indi-
cates the proximity of the obtained solution to the exact
Bayesian one. An upper bound on the exact estimation
error covariance can be obtained based on the result
in [2] (Theorem 4.1). Thus, assuming z is at most s-
sparse and H' satisfies the RIP at the level d35+045 < 2,
yields

2
Tr B [(z — 21) (2 — 20)" | %] < (cl VTr(Ry) + 026)

(16)
where e denotes the reconstruction error in the noiseless
case. For reasonable values of d,5, the constants ¢; and
¢z in (16) are well behaved [2].

4 Computationally Efficient KF
Update

When the state dimension n is large the computa-
tion of P, becomes prohibitively expensive. In such
cases we would like to avoid the explicit construction
of large-scale dense matrices and their inverses. In ad-
dition, we recognize that exact computation of inverses
is redundant in the course of defining a search direction
within an optimization framework, especially when one
is far from the solution.

Both objectives can be achieved by employing a
Krylov subspace method. It is a family of iterative
methods that are extremely memory efficient, as only
storage of the previous search direction and the local
gradient requires for forming a new search direction.
The Krylov subspace solver requires only implicit access
to the matrices via matrix vector products [20]. Unlike
the common situation when such approach is practiced
directly, here the difficulty is that matrix inverses are
nested within each other, as shown by Equation (10).
For that reason we first recast the initial estimate of z
from (10) as follows. We define an auxiliary function
that computes the product of H'P,_1H'" + R;,_1 by a
vector v, which obeys the following property

Hv =H'P,_1(H"v) + Rp_1v (17)
Notice, that the bracketed product of H' by v, ab-
stain the need for explicit formulation of the large-
scale matrix H'P,_1H'T. The inversion of the matrix
H'P,_1H'" 4+ Rj,_1 can now be obtained explicitly by
solving the system

Hv = Yk — Hlék_l (18)
In practice the above equation can be solved via the
conjugate gradient method. Once (18) is solved it can
be plugged back to yield the updated KF mean

S =bp1 4+ P H v (19)

In a similar manner, the covariance update stage is
carried out as follows
P.=P.1— P, H™M (20)
where the columns m; of the matrix M € R™*™ are
obtained by solving
Hm; = (H'Py_1);,

i=1,....n (21)

where (H'Py_1); denotes the ith column of H'Pj_.

5 Simulation Study

We demonstrate the previously described concepts
using simple recovery examples taken from both [7]
and [19]. In the first example we validate the relation
conveyed by Theorem 1 which essentially implies that
as the tuning parameter ¢ in (14) becomes larger the
obtained approximate solution is closer to the exact one
in the Bayesian sense. Thus, we would expect that in-
creasing ¢ will result in smaller estimation errors.

An adequate measure of sparse reconstruction accu-
racy, typically known as the ideal normalized estimation
error, is given in [7]. This measure, which is defined as

Iz =26 113 /D min ()% Te(R)/m)  (22)
=1

where 2! denotes the ith element of z, quantifies the
discrepancy between the attained estimation error and
the ideal one which would have been obtained in the
absence of measurement noise.

In this example we consider a sensing matrix H €
R72%256 of which the entries are samples from a zero-
mean Gaussian distribution with variance 1/72. This
type of matrix is known to satisfy the RIP with high
probability for sufficiently sparse signals [2]. The
sparseness degree of the actual parameter vector z is
set as s = 10.

The CSKF recovery errors in this case are shown for
various values of o in Fig. 2. This figure clearly demon-
strates the idea underlying Theorem 1 as the attained
estimation error (here after N; = 1000 iterations of the
PM stage) reduces as o increases.

The two complementary panels in Fig. 3 illustrate
the reconstruction performance of the CSKF when the
parameter o takes either of the two extremal values
in Fig. 2, namely, 0 = 100 and o = 800. These rather
qualitative figures visualize the estimation performance
corresponding to the extremal values of the ideal nor-
malized estimation error measure (as appears in Fig. 2).

The performance of the computationally efficient
CSKF, which embeds the Krylov solver method, is as-
sessed in two distinct settings. These consist of sens-
ing matrices of the size 512 x 1024 and 3072 x 6144
which are composed similarly to the abovementioned



a1
o
o

iy

o

o
T

w

o

o
T

200

100

Ideal normalized estimation error

400 600
(0}

0 200 800
Figure 2. The recovery errors attained for vari-

ous values of the tuning parameter 0. The prob-
lem dimension in this case is H' € R72%x256,

one. The accuracy of recovery is examined for vari-
ous sparseness degrees s corresponding to the recov-
ery index s/mlog(n) which is derived from the relation
m < c¢(slogn) [2] (for some ¢ > 0). This index essen-
tially refers to the probability of recovery assuming the
sensing matrix obeys the RIP up to a certain sparse-
ness degree. As it was already pointed out in [2], as this
measure increases an exact recovery becomes less prob-
able. In all runs the Krylov solver method is employed
as described in Section 4 using Matlab’s conjugate gra-
dient (CG) function (assuming a tolerance of 10~2 and
a maximal number of 200 iterations).

The results of this example are given in Fig. 4 where
the estimation errors of both the CSKF and its com-
putationally efficient variant (CSKF+CGQG) are depicted
for various recovery indices. From this figure it can be
clearly seen that the Krylov solver method does not
significantly affect the reconstruction accuracy of the
CSKF.

The prominent advantage of using the Krylov solver
method is manifested in Fig. 5 where the timing data
of both methods, the CSKF and its computational ef-
ficient variant, is shown for an increasing state dimen-
sion n. The sensing matrix used in this example is
composed of samples from a zero-mean Gaussian dis-
tribution with variance 1/m with m = n/2 rows. In all
runs, the sparseness degree s does not exceed n/6.

6 Conclusions

We have shown that the solution computed by the
CSKF, which is a Kalman filtering-based approximate
Bayesian compressed sensing algorithm, approaches the
exact Bayesian solution as the PM tuning parameter o
increases. This result further justifies the iterative PM
stage used by the CSKF (since as o increases the sparse-
ness constraint becomes less restrictive which thereby
implies that more iterations are required).
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Figure 3. The actual (blue line) and recon-
structed (red squares) signals for two extremal
values of the parameter o.

Embedding the Krylov solver method within the
CSKF/Kalman filter measurement update stage dra-
matically reduces the computational overhead, in par-
ticular, when the state dimension is prohibitively large.

A  Proof of Theorem 1

The exact and the approximate posterior pdfs are
given by

123
2 o2

el —cow (312 ) w100 230

1 (Hz)?
p(z | %) = cexp <—§( z)
o

>p'<z %) (23D)

where ¢ and ¢ denote the appropriate normalization
constants, and p'(z | %) stands for the Gaussian pos-
terior excluding the prior. Now, explicitly writing the
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various recovery indices. Showing the perfor- (26)
mance for two problem dimensions, 512 x 1024
and 3072 x 6144. owing to the triangle inequality. Recalling that ||

0z 1< /n || 0z ||2 we may then write

KL (p(z | %) || p(2 | Zk))
KL divergence between these two pdfs yields < 10g(é/c)+£§EA (EABEATEAH +%EA [H 52 H§| %]
o o

. n . 1/2 1 .
A < log(e/c) + Yo B (152 131 24]7* 1 3¢ I
KL (p(z | %) || p(= | Z4)) 7
_ /ﬁ(z | %) log L1 24) ?)dz

1 p(z | %) where the 2nd line in (27) is due to the Jensen inequal-
=log(¢/c) + 357 /ﬁ(z | %) [H 2|3 _(ﬁz)Q] dz ity. Recognizing that

o

1

) 1 > I E ) 6z 13| %]
=log(¢/e)+s=E [l 2 [}l %) — 55 E [(H2)? | %] X
207 ' 20 24) =Tr (E [(z = 2)(z — 2)7 | Jyk]) = Te(P:) (28)

Eq. (27) can be written as

n -
tg2E [l 62113 2] (27)

where E[- | %] denotes the expectation operator with KL (p(z | Z) || p(2 | Zk))

respect to p(z | #). Applying the Jensen inequality < . ( 2 { 1/2})
while recalling that A2, —i| 2 |h, 2 = Ble | 24, = 08(6/0)+O (o7 maxTr(Py), Tr(Py) (29)



At this point the theorem immediately follows owing to
the inequality log(¢/c) < 0. In order to show this we
first note that || z [|2> (Hz)? owing to the fact that the
left hand expression consists of summation of positive
terms whereas the same terms on the right side of the

equation have either positive or negative signs.

This

further implies

=l =15

}(? i > _1(Hz)
2 o2 exp( 2 o2
|

1] z?
2

ex

T

(
I

1 (Hz)?
> —
> < / exp< L
(30)
QED.
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